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Abstract 



In this paper we discuss the conditions under which the coupled KdV and coupled Harry Dym 
hierarchies possess inverse (negative) parts. We further investigate the structure of nonlocal parts 
of tensor invariants of these hierarchies, in particular, the nonlocal terms of vector fields, conserved 
one-forms, recursion operators, Poisson and symplectic operators. We show that the invertible cKdV 
hierarchies possess Poisson structures that are at most weakly nonlocal while coupled Harry Dym 
hierarchies have Poisson structures with nonlocalities of the third order. 

> 
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CN ! 1 Introduction 

O 

CO I The energy-dependent Schrodinger spectral problem has been introduced by Jaulent and Miodek in 

[T] in the two-field case. It has been generalized to an arbitrary number of components by Martinez 
Alonso [2] who also presented its multi-Hamiltonian structure and gave the problem its present name. 
Antonowicz and Fordy have further investigated this problem in a series of papers ([3],[1],[S],[B],[7]). 
They demonstrated that this spectral problem leads to two families of coupled (multicomponent) soliton 
■ hierarchies: the coupled KdV (cKdV) and the coupled Harry-Dym (cHD) hierarchies. In their approach 

one simultaneously obtains the evolution equations of the hierarchy together with the set of independent 
closed one- forms (variational derivatives of Hamiltonians) , which can be obtained with the help of a 
recursion relation, solvable under additional conditions. The specification of these conditions fixes the 
type of the hierarchy (either cKdV or cHD). 

In this paper we complete their work by finding the conditions under which both types of hierarchies 
have also negative parts (i.e., when the recursion operator is explicitly invertible) and present a first few 
flows of these negative hierarchies. Further, using the results from [5] and [5], we investigate the structure 
of nonlocal parts of all Hamiltonian structures associated with both types of hierarchies: we show that all 
Hamiltonian and symplectic structures of the cKdV-type hierarchies are at most weakly nonlocal while 
the cHD-type hierarchies have Hamiltonian and symplectic structures that are nonlocal up to third order, 
i.e., they have terms up to in their nonlocal parts. We also present compact formulas for the highest 
nonlocalities of all these quantities. 
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2 The spectral problem 

We start by recalling the basic facts about coupled (multicomponent) KdV and Harry Dym hierarchies 
following the papers |4J, [5j and [7] (see also [ID]). Let us consider the Schrodinger equation 

= (ea^ + u)* = (1) 

where ^' = and u = u{x,t) are smooth functions of x and t and where d = together with the 

auxiliary linear problem of the form 

*t = (ip9 + g)^'. (2) 

The functions P and Q will be specified below. 

The system ([I])-© is compatible, i.e., has nontrivial solutions for ^ provided that (/I^')^ = which 
yields 



2 ' ' V 2 

Here and below the subscripts x and t denote the derivatives with respect to x and t respectively. Thus, 
the equations 

Pxx + 4.Qx = 0, eQxx - uPx - -j^P'^x +ut = 

constitute a set of sufficient conditions for the existence of a common solution '^{x,t) to ((T])-(I2]). The 
first equation can be replaced by Q = —jP^, and then the second one reads 

Ut^JP= Qea^ + \{ud + du)^ P, (3) 

where J is a third-order differential operator given above. Assume now that both e and u are polynomial 
functions (of the same degree) of a new parameter A so that 



N N 

u = 

k=0 k=a 



Y,uu{x,t)\\ £ = ^£feA^ (4) 



where Ek are + 1 arbitrary (so far) real constants. Then J is polynomial as well: J — X]fc=o "^^^ 

Jfe = iefcS^ + 1 (ufe5 + 5ufe) , fc = 0,...,iV. (5) 
Assume further that also P (and thus Q) depends polynomially on A so that 

m 

P = ^PfcA"'-'=, mGN. (6) 

It is not the only possibility (for example, in |10) we have considered a rational dependence of P on A 
which leads to hierarchies with sources) but here we restrict ourselves to Plugging Q and ([5]) into 
^ we obtain, for any fixed to e N, the following {N + l)-component system of evolution equations 

Wr,t„ = JoPni-r H h JrPrn , r = 0, . . . , N (7) 

(with Pi = for i < 0) and the following recursion on Pi 

JoPfc-AT + JiPfc-jv+i + • ■ • + JjvPfc - 0, fc 0,...,m- 1. (8) 

Note that the natural parameters N and m are independent; N will be the number of fields in the 
hierarchies that originate in this scheme while to enumerates the flows within a chosen hierarchy. The 
recursion ([8]) starts at fc = with the equation JnPq — and it can be effectively solved either when 
UN = or when en = 0- In the case of ujv = we have Jjv = j£d^ which leads to Pq and thus P^ 
depending explicitly on x which we do not consider here. We must therefore assume (and will stick 
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to this throughout the whole article) that en — so that Jn — ^ {u^d + du^) — u]^'^du]^^ which 

implies that Jjv is invertible with the inverse J^^ — Uj^^'^d~^Uj^^'^ , where d^^ is a formal inverse of d 
[dd~^ — d^^d = 1). The recursion ^ allows now to compute Pq, Pi and so on up to F„i-i as differential 
functions of u with Pm undetermined since Pm does not enter the formulas ([5]) . In the construction given 
in [7] one can demonstrate that in order to embed ([7]) into an infinite hierarchy with well-defined and 
explicitly computable Pm for all to e N one must make a reduction of the system ([7]) to an A^-component 
system by assuming either that mat is constant (to make the coefficients in the hierarchy as simple as 
possible, the most convenient choice is to set ujv = —1) or that uq = —a?' (a is a constant). The first 
choice leads to the coupled KdV hierarchy, the second to the coupled Harry Dym (cHD) hierarchy. But, 
in fact, under the additional assumption (eo = in the KdV case and uo = — in the HD case) one 
can invert the operator Jg which makes it possible to construct both KdV and HD negative hierarchies 
even in the multicomponent (coupled) case. The existence of the inverse cKdV hierarchy was mentioned 
in [7], but never treated in detail. The one-field case of the inverse HD hierarchy was considered in jTT| . 

There is actually a third possibility of obtaining a reversible hierarchy in this scheme: by putting 
£jv 7^ but ujs! — {) and Eq = we also arrive at an invertible hierarchy but it can be shown that this 
hierarchy is just a reparametrization of the invertible coupled Harry Dym hierarchy described below. 



3 Some algebraic structures and their nonlocal parts 



In order to state our results we need to introduce some algebraic objects and to discuss their nonlocal 
parts. Following Antonowicz and Fordy, denote by Bq the Hamiltonian operator 



Ji 

J2 



J2 



-Jn 



V ~Jn 



and by R the following nonlocal operator of (1, l)-type 

f. 



V 



... 


--JoJn^ 




— JiJjy 


In-1 









(9) 



where, as in the previous section. 



Ji = ^£id^ + ^ {uid + dui) , i = 0, . 



.,iV 



(10) 



with Ui = Ui{x, t), i = 0, . . . , iV, and with ejv = so that Jn = \ [unQ -\- Dun) = u^^^du^j^^ is invertible. 
Here and below In-i stands for the (TV — 1) x (N — 1) unit matrix. Note also that © implies that the 
operator R'' adjoint to R has the form 

/ \ 










In-1 







-Jn^Jo 


— J^^Ji ••• —J^'^Jn-i 



(11) 



(since jj = — Ji for all i). It can be proved that the operator i? is a hereditary recursion operator [T^] 
meaning that its Nijenhuis torsion vanishes. Let us now assume that the operator Jq is also invertible 
(this can be achieved either by putting Eq — ot by putting uq — 0, as discussed below). Then R is 
invertible with 



-JiJq ^ 


\ 




In~i 






-JnJq 


••• / 
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which imphes 



{R-y 





—Jq ^Jn \ 













/ 



Now, since R is invertible, and due to the fact that R is hereditary, the infinite family of operators 

B, = R'Bo, s e Z (12) 

is a family of compatible Poisson operators. The operators Bg are purely local for s = 0, . . . , A''; explicitly, 
they have the form 

/ 



V 



so that Bq is as above and 





Jo 

Jo Jl 







\ 


Jo Jl 


Js-1 












— Js+1 


—Jn-1 


—Jn 







—Jn-1 
—Jn 


—Jn 


J 



, s = 0,...,N (13) 



Bn = 



Jo \ 
Jo Jl 



\ Jo Jl ... Jat-i / 

As we will show below, all the other B^ are nonlocal. 

Since Bo is invertible and Poisson, its inverse = Bq^ is a closed two- form. We can therefore also 
define a family of two-forms 

ris = {R^'Y no, s £ z. (14) 

Moreover, according to the theorem given below, = B-g so that all ^Ig constitute a family of closed 
two-forms. 

Theorem 1 For the families Bg and il^ defined above we have 

Bgil-g = 1^ for s G Z. 

Proof. Since Bg = R^Bq wc have i?* = Bgilo so that (R^Y = ^oBg (note that ilj = — JIq and 
Bl = —Bg) and thus fig = (-R^)* i^o — ilo^s^^o- Wc have then 



Bg^—g = R^B()ilQB—gn,Q = R^ B—g^Q = R^ R ^BqHq = J 



n 



Let us now choose two one- forms 70 and 7_i (they will be "starting points" of our hierarchies later 
on) so that 



7o = (0, . . . , 0, ifY with ifi G Ker Jjv, 7_i = (^, 0, . . . , 0)"^ with if) € Ker Jq. 



(15) 



We have then 
so that 



7oeKer((i?t)-i), 7.1 € Ker(i?t) 
(i?t)"'7o=0, i?t7_i=0. 



(16) 
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Moreover, it is easy to check that 70 belongs to the kernel of each of the operators Bq, . . . , B^-i 



70 e KerB, for ah s = 0, . . . , - 1. (17) 
We define now two families of one-forms 

7. = (i?^)'7o, ^ [{R-^)^y'\-i, s = l,2,... (18) 

and it follows from (jl6p and (|18p that for any two non-negative s and p we have 

We can now show exactly which 7^ belong to KerSs for any given s £ Z . 

Lemma 2 From the property |j7| ) it follows that 

7_s, . . . , l^s+N-i e Ker{B,) forO<s<N, 

-f-N-s, . . . , 7-1 e Ker{BN+s) for s > 0, (20) 
70, ... , Is+N-i e Ker{B^s) for s > 0. 

Proof. The condition ^ means that ^^70 = for s = 0, . . . , A^- 1. But -8^70 = R'Bq'^o = Bq (i?^)' 70 
= -Bo 7s so that 

7o,..-,7A'-i e A'er(Bo). (21) 

Further, if < s < TV and if p > then Bsjp = -R"Bo7p = Bo (i?t)^7p = Bo7p+s = as soon as 
p -I- s < - 1 (by ([21])), i.e. as soon as p < - s - 1. If we still have < s < A^ but p < then 
by the same calculation Bg^p = Bq (i?^) 7p = whenever s > —p or p > —s (due to the first formula 
in ([T9|). This proves the first formula in (|20l) . The argument for -Bjv+s is similar. Finally, for s > 0, 
B-slp = Bq (i?'!') 7p is equal to for < — .s + p < TV — 1 (by ([2T|) ) and it is also equal to for 
p — 0, . . . , s ~ I (by the second formula in ([T9| ). This yields the third formula in ((20|). ■ 

Thus, the purely local Poisson tensors Bg, s = 0, . . . , N have A^ Casimir one- forms ji each, while all 
the other Poisson tensors B^, (which will be shown to be nonlocal) have N + s Casimir one-forms 7^ each. 

In this article we will study the leading nonlocal terms of invariant tensor objects (vector fields, closed 
one-forms, closed two-forms, Poisson tensors and recursion operators) for the invertible coupled KdV and 
coupled Harry Dym hierarchies. In order to do this, we have to establish some facts about nonlocal linear 
differential operators. Throughout the whole article we will deal with linear matrix pseudo-differential 
operators of the form 

$ = + ^ W^„a->J, (22) 

where n G Z+, Wa and ipa are some column matrices with entries being some functions of x and where 
$>_„ denotes the part of the operator $ that contains all the local terms and all the nonlocal terms up 
to 9"""*"^. We will also call the number n the order of nonlocality of the operator 4>. By $_„ we mean 
the highest nonlocal term of the operator $ in (P^ . i.e., 

a=l 

We will now state an important theorem that generalizes formula (7) from [9]. 
Theorem 3 Consider two linear matrix nonlocal differential operators of the form 

* = + E $ = + ^ W^„a-"(^ (23) 

a— 1 a— 1 
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where m and n are some natural numbers and where Wa, iPa,Wa,j£a o-fs some column matrices with 
entries being some Junctions ofx. Assume that all the products (PaWp in i23\) are not constant. Then, 
the product $ $ has nonlocality of order max{m, n} and its highest nonlocal term is in the case of n > m 
given by 

" a=l 

in case of n = m it is given by 

P rp p 

a—1 a—1 

and in the case of n < m it is given by 



p 



The proof of this theorem consists in a rather straightforward computation based on the following 
lemma: 



Lemma 4 If f is a non-constant function of x then 



(d "/) 9 ™ + lower, for n < m 
{d~"f)d-^' + d-"{d-"f)+ lower, for n ^ m 

(a-"7) + lower, for n > m 



where the word "lower" means nonlocal terms of lower order of nonlocality. 

One proves this lemma by repeated integration by parts. Now, the repeated use of Theorem [3] leads 

to 

Theorem 5 Suppose that no ipaW/s in the operator $ given by 112^) is constant. Then the s-th power 
(s G Z+ ) of the operator $ has nonlocality of the same order as $ and the following formula is valid 



s — l p 



(24) 



One proves this theorem by induction. A special case of this theorem (for n = 1) can be found in [9], 
but it includes the erronous coefhcients (^~^) that are not present in the correct version of the formula. 



4 Invert ible coupled KdV hierarchy 

We are now in position to define our invertible hierarchies. The invariant one-forms of both hierarchies 
will be generated by the formulas Let us start with the invertible coupled KdV hierarchy. This 

hierarchy originates from ([7]) when we set Eq = En = 0, un = —1 and use the powers of i?^ and (i?^)~^ 
as described above. 

Definition 6 The invertible N -component coupled KdV (invertible cKdV) hierarchy is the family of flows 
(i.e. systems of evolutionary PDE's) 

— u = K-s = Brj-r-s, s = 1, 2, . . . and for all r > —s 

dt^s 

(25) 

— — u — Ks = Br^^r+s+N ' s = 0, 1, 2, . . . and for all r < s N 
dts 
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where u = (mq, . . . , wat-i)"^, Ui = Ui(x, t), B,. are Hamiltonian operators defined in hlS]) with eo = £n 0, 
UN = —1, where 7s are one- forms given by hi 8^ 

7, = (i?t)^^o, ^ ((i?ri)y"'7_i, s = l,2,... (26) 

with 7o and 7_i given by 

7o = (0,...,0,2f, 7_l = «^/^0,...,0)^. (27) 

Note that 70 and 7_i defined by ((271) do satisfy so that 70 eKer((i?t)-i) ^j^-j^ eeKcr(i?1'). 
Explicitly, for the invertible cKdV hierarchy we have 

= Jei^^ + ^ (M^5 + 9w,) , z = 1, . . . , ^ - 1, 
Jn = -d. 

Note also that (|25|) implies 



Br^^s — Kr-s, for all r < s, i?r7s = ^s+r-Af for all r > N — s (28) 

and also 

= i?^ifo, s = 1, 2, . . . with ifo - S070, (29) 

= s = l,2,... with = S07-1, (30) 

so that by the definition above all the vector fields Kg have infinitely many equivalent Hamiltonian 

representations. If we denote by {Ks)^ the «-th component of the vector field Kg then the first few 
members of this double-infinite hierarchy are 



/j^ ^ 1 / -l/2\ / -l/2\ 1 -1/2 

(K-i)^ = -Si I ' 1 - ( Wo ) - ■7,'^^xUa 

— Ui-2,x + -^£i-lUN~l,xxx + UN-l,xUi-l + -UN-iUi-i^x 



while the first few one-forms 7s are given by 



7-2 = Qei^io (^^0 ("0 ^^^)^^ - \ {-^0 ^^^) J + ^"0 ^^^^ ^0 ^^^^ 0, . . . , 

7-i-«'^',0,...,0)^ 

70 = (0,...,0,2)^ 

71 = (0,...,0,2,ujv-i)^ 

72 = ^0, . . . , 0, 2, MAT-i, UjV-2 + ^£N^1UN-1,xx + ^"W-1 

Moreover, due to the hereditary property of i?, we have that [Ki,K j] = for alH, j € Z, dji = (74 are 
all exact one- forms), Lif-i? = for alH S Z, Lxi^j = for alH, j G Z. 
Now, it is possible to show that 

7s = {Pg-N+u ■ • ■ , P.f , 5 = 1,2, ... with P„ = for a < 
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with Pg defined in ^ being exactly the same as those originally given in the papers of Antonowicz and 
Fordy. That means that our hierarchy is indeed a negative extension of the cKdV hierarchy considered in 
[1]. Note also that this hierarchy depends on — 1 free parameters ei, . . . , En-i (since both Eq and En 
are zero, contrary to the case considered in 01 where it depended on N parameters ei, . . . ,ejv)- Let us 
also remark that in the one- field case (i.e., when TV = 1 so that only uq evolves) our hierarchy becomes 
equivalent to the dispersionless KdV hierarchy. 

Let us now investigate the nature of nonlocalities arising from the invertible cKdV hierarchy. We 
start by observing that if we split the operators R and R~^ into their positive (purely local) and negative 
(purely nonlocal) parts then we obtain 

R = R++R-=R+ + ^Kod-^j^ (31) 

R-' = + {R-')_ = + 

(i?+ = i?>_i and R- — in the notation from the previous chapter) so that both R and R~^ have 
nonlocalities of order 1. 

Theorem 7 The vector fields Kg are local for all s £ Z. 

Proof. We will prove this statement inductively with respect to s and separately for the positive and for 
the negative part of the hierarchy. First consider the positive hierarchy. The vector Kq is local. Assume 
now that Kg is local. Then, due to (|3T|) 

Kg+^ = R{Kg) = R+{Kg) + ^Kod-'j^Kg 

and obviously R^(Kg) is local due to the assumption that Kg is local. Since all Kg are symmetries for all 
7^ we have that Lx^^q = which since djQ = yields d (70, Kg) = where d is the operator of exterior 
differentiation and where (•, •) is the dual map between cotangent and tangent spaces. Thus, ^jKg is a 
total derivative so that d~^jjKg is purely local. This completes the inductive step. The proof for the 
negative part is similar. Since K^i is local we have 

Kg^i = R-\Kg) = (Kg) + K^id^'^^^Kg 

and d^^'^^iKg is purely local by the same argument as above, since Lk^^-i =0. ■ 
A similar theorem is valid for one- forms 7^. 

Theorem 8 The one- forms jg are local for all s gZ. 

Proof. The proof is analogous to the proof of previous theorem: one proves it by induction with 
respect to s separately for the positive and for the negative hierarchy. We give the proof only for 
the positive hierarchy. The (nontrivial) one-form 70 is local. Assume that 7^ is local. Then, since 
i?t = (i?t)^ + (i?t)_ = (i?t)^ _ i7„9-ixj, 

7.+1 = (7.) - l^od-'K^jg. 

But obviously (^^)^ (7s) is local due to the assumption while, since LkqIs — 0, K^jg is a total derivative 
so that d~^KQ^g is purely local. This completes the induction. ■ 

The situation is different when we consider the Poisson operators Bg. 

Theorem 9 The operators Bq, . . . , Bn are local. All the others operator Bg are nonlocal of order 1 with 
the nonlocal terms of the form 

S 

(B-s)^ = -Y,K^,d-'K^g^^_„ s e Z+ 
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Proof. Due to the fact that i?_ — ^KqO ^7(f we have, accordmg to formula ([M]) in Theorem [S] 

s-l 



4 

s-1 



70 



(32) 



3=0 



j=0 



Is- J 



3 = i 



for all s G Z+. Thus, for all s S Z+ and due to the fact that Bq is local we have {Bs)_ = {R^Bq)_ 
Bq which by formula (|32|) above yields 



since = —Bq and due to the fact that d^^j^B — {B^ ■y)'^ for any linear pseudo-differential operator 
B and any column matrix 7 with entries depending on x. Thus, since _Bo7s-j = for s — 1, . . . , N and 
j = 1, . . . , s {"fs-j are the Casimir forms for Bq for all s = 1, . . . , and j = 1, . . . , s due to Lemma [2]) we 
see that {Bs)_ = for s = 0, . . . , A^. Moreover, due to psp . i3o77V+s-j" = -^'s-j for j = 1, . . . , s and thus 



N+s 



Similarly, due to the fact that (i? ^) K^id ^7^1 we obtain, by the same formula in Theorem 
[S]that for all s e Z+ 



(i?-)_ = (i?-)_^=5:i?-^(if_i)a-^ ((i?-i)t)^-'-^(7-i) =J2K-3-id~'l^-s+,= (33) 



J=0 



i=i 

and thus by computations similar to the above we obtain 

= {R-')_Bq = j2K^,d-W_,^^_,BQ = Y.^-,d-' (i?^7-.+,-i)^ = 



Thus, all Bs except Bq, . . . , B^ are nonlocal of order 1. ■ 

Finally, let us discuss the nonlocalities of symplectic forms Vis defined through p^ . In order to 
establish the leading nonlocal term of $7^ by applying Theorems [3] and [5] to ils — (i?^) ^q we need first 
to establish the leading nonlocal term of Q,q. 



Theorem 10 has nonlocality of first order and its leading nonlocal term is given by 

(34) 



N-l 

("o)-=-iE^^-^"'^^-i- 



3=0 

One can prove this formula by showing that is a simultaneous solution to all equations 

We skip the proof as the computations involved are similar to those for nonlocal parts of Bg operators. 

Now we can calculate the nonlocalities of fis by applying Theorems |3] and [S] to ilg = (i?^) Hq. The 
result of this calculation is presented (without proof) in the theorem below. 



9 



Theorem 11 The closed two-forms Qg = (^K^Y nonlocal of first order (weakly nonlocal) with 

nonlocal terms given by 

= 4 E s G Z+, 



^N-s-1 s 
J=0 j=l 



5 Invertible coupled Harry Dym hierarchy 

There is a second possibihty for choosing the constants in Jq and Jn so that both operators become 
invertible, which guarantees the existence of both positive and negative hierarchies, namely, to take, as 
before En — and then to put uo = 0. The operators Ji attain then the form 

^0 — ^£o<9^, 

Jz = ^eid^ + i {u,d + du,) , i = 1, . . . , - 1, 
Jn = ]^{uNd + Oun). 

We can therefore define the invertible coupled Harry Dym (invertible cHD) hierarchy as follows: 
Definition 12 The invertible N -component coupled Harry Dym hierarchy is the family of flows 
d 

— u = K-s ~ Brj-r-s, s = 1, 2, . . . and for all r > — s 

dt-s 

(35) 

- — u ~ Ks = Brj-r+s+N , s = 0, 1, 2, . . . and for all r < s -\- N 
dts 

where u ~ {ui, . . . , unY , Ui — Ui{x, t), Br are hamiltonian operators defined in US\) with eat = 0, uo = 
and where 7s are one-forms given by I118\) 

J.\ s-l 



7. = (i?t)7o, 7-. = ((i?"')j 7-1, s = l,2,... (36) 
with 

70= (0,...,0,u^'/')^Gifer((i?t)-i), 7_i = (-2, 0, . . . , 0)^ G ifer(i?t) (37) 

(again 70 and 7_i are chosen as in il5\}}. Thus, formally, both hierarchies have the same algebraic 
structure (apart from the fact that now the nontrivial variables are ui, . . . ,un); the formulas i28\) - ![3d\) 
are still valid, but of course the exact form of invariant one-forms 7^ and vector fields Ki differ. Explicitly, 
for the invertible cHD hierarchy we have 

14 2 

{K-2)i = SiUl^x Uid'^Ui Ui^xd~'^Ui 

(i^_l)^ = Ui^x 

IT^ \ 1 ( -l/2\ , / -l/2\ , 1 -1/2 

4 V / XXX V / X L 

(with = for i < \ or i > N ) so that the negative part is no longer local. Below we prove that the 
positive part is still local. Note also that this hierarchy depends now on N parameters: £0, ■ ■ ■ ,£jv-i- The 
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1 -3/2 



first Jew conserved one-forms of the invertible cHD hierarchy are 

1-2 = (^^a-V,-2,o,...,o^ 

7-1 = (-2,0,..., Of 

70 = (^0, ...,0,M^^/^) 

( n n -1/2 1 r -1 -l/2\ ^ -7/2 , 

71 = I 0, . . . ,0,U^ ' , --eAr_i (^^W J^^ ~ g"7V \UN,x) 

As in the cKdV case, the positive part of the above hierarchy coincides with the coupled Harry Dym 
hierarchy in |6] after putting a — 0. We also see that the negative part of the sequence of 7^ is nonlocal; 
we prove below that the positive 7i's are local. Let us thus consider the leading nonlocal parts of all the 
objects of the invertible cHD hierarchy. We first establish the nonlocal parts of the recursion operator R 
and its inverse . We obtain (cf. ([31]) ) 

R = R+ + R-= R+- Kod-^i^ (38) 
R-' = (R-')^ + (R-')_ = (R-')^ + -^9-^7-1 + -K^id-'j^,. 

Thus, contrary to the cKdV case, R~^ has nonlocality of order 3 while R is still nonlocal of order 1. 
Similarly to the cKdV case, we obtain by induction that 

Theorem 13 The vector fields Ki and the conserved one-forms 7^ are local for all i e Z+. 

The structure of nonlocalities in the operators Bg differs from the cKdV case. 

Theorem 14 The operators Bq, ■ ■ ■ , are local. All the others operator Bs are nonlocal with the 
leading nonlocal terms of the form 



{B,+n)_, = Y,Kj-id-'K]'_^+„ s e Z+ 
1 



-0 . „ 
3=0 

Again, one proves this theorem by applying Theorem [3] and Theorem [5] to the operator Bs = R^Bq. 
Thus, the negative operators are nonlocal of order 3. The above theorem can now be used to discuss the 
nonlocalities of the closed two- forms fts defined through (I14p . We begin by establishing the form of the 
nonlocal part of flQ. 

Theorem 15 f^o has nonlocality of first order and its leading nonlocal term is given by 

N-l 

{no)_^-J2ijd-'i^_,_^. (39) 
j=o 

This theorem can be proved just as in the cKdV case. Now, by applying again Theorem [3] and 
Theorem [S] to the operator fig = (i?^) ^0 with f^o given by ([5^ we obtain the following theorem. 

Theorem 16 The symplectic operators fl^ — (^R^^^ Qq ^""6 nonlocal of first order for s > and of third 
order for s < and their leading nonlocal terms are given by 

N+s-l 

{ns)_ = ~ J2 ijd-'iI+N-i-y e z+ 

J=0 
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6 Conclusions 



In this paper we have stated some natural conditions under which the coupled Korteweg-de Vries and 
the coupled Harry Dym hierarchies, introduced in the paper [T] in the two-field case and developed in 
papers [2]- [7], are invertible, i.e., possess negative parts. We studied the structure of nonlocalities of 
various tensor invariants of these hierarchies. It turns out that all the vector fields and conserved one- 
forms of the invertible cKdV hierarchy are local while all its Poisson operators are either local or at most 
weakly nonlocal. Finally, all symplectic operators of the hierarchy are weakly nonlocal. In the case of the 
invertible cHD hierarchy only vector fields and conserved one-forms of the positive part are local, while 
Poisson operators of this hierarchy are either local or have nonloclities of first or third order. Moreover, 
all symplectic operators of the invertible cHD hierarchy are nonlocal of first or third order. The main 
tool for our considerations was a generalization of formulae (7) and (8) from '9^ , that is, Theorems [3] and 
[5] above. 
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